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Abstract— In this paper, a predictive control based approach is
proposed for a networked control system containing a nonlinear
input process. The approach uses a two-step predictive controller
to deal with the input nonlinearity and a delay and dropout
compensation scheme to compensate for the communication
constraints in a networked control environment. Theoretical
results are presented for the closed-loop stability of the system.
Simulation examples illustrating the validity of the approach are
also presented.
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I. INTRODUCTION

The research on “Networked Control Systems” (NCSs) has
been an emerging trend in recent years [1]-[3]. The limits
to the performance of control systems in a networked con-
trol environment are caused primarily by networked-induced
delays and data packet dropout [4]. These communication
constraints can mean in NCSs that the control signal for the
plant is delayed even unavailable, which results in an open
loop. The desire to obtain a better performance than that
resulting from holding the last available control signal or using
zero control during open loop intervals in NCSs, has led to a
model based control architecture [5] and to a predictive control
based control architecture [6]-[9]. The key idea of the model
based approach is that the knowledge of the plant dynamics is
used to reduce the usage of the network, while in the predictive
control based approach proposed in [7], the plant dynamics
is further used to produce future control signals to actively
compensate for the random network-induced delay in the
forward channel actively with the use of a corresponding time
delay compensator at the actuator side. A better performance
can be expected since the predictive control based approach
takes greater advantage of the knowledge available.

In this paper, following the predictive control based ap-
proach in [7], we extend its application to a NCS with a
nonlinear input process and random network-induced delays in
both forward and backward channels and data packet dropout

in the forward channel. Using the two-step design approach
[10], we first apply the predictive control method to the linear
part of the system considered in this paper to generate the in-
termediate control predictions using delayed sensing data and
previous control information. This process is distinct from [7]
in that only the available previous information is used to make
the predictions. The real control predictions for the system are
then obtained from the nonlinear input relationship assuming
the inverse of the static nonlinear function can be calculated
numerically. In order to compensate for the network-induced
delays in both channels and data packet dropout as well, a
Delay and Dropout Compensation Scheme (DDCS) is de-
signed, which consists of two components, a matrix selector
at the controller side to compensate for the network-induced
delay in the backward channel and a delay compensator
at the actuator side to compensate for the network-induced
delay and data packet dropout in the forward channel (see
Fig.1 for the whole structure). The implementation of DDCS
makes the predictive control based approach work well in
a network-based environment. The stability theorem of the
closed loop system is obtained by placing a sector constraint
on the nonlinearity due to the inaccuracy of calculating the
real control predictions. Simulations are also done to illustrate
the validity of the approach.

The remainder of this paper is organized as follows. The
design of the proposed approach is presented in Section 2.
Then the theoretical results for the system stability and the
simulation results are presented in Section 3 and Section 4,
respectively. The paper gives the conclusions in Section 5.

II. DESIGN OF NETWORKED PREDICTIVE CONTROL
SYSTEM WITH INPUT NONLINEARITY
The following Single-Input-Single-Output (SISO) system S
with a nonlinear input process is considered in this paper,

z(k+1) = Azx(k) + bu(k) (la)
S < yk) = cx(k) (1b)
v(k) = f(u(k)) (Ic)



where © € R, u,v,y € R, and f(:) : R — R is a memoryless
static nonlinear function.

In this section, we present first the design details of the
two-step predictive control approach to system .S and then the
design of DDCS to compensate for the network-induced delays
and data packet dropout when such a system is implemented
in a networked control environment.

A. Design of the two-step predictive control approach

The key idea of the two-step predictive control approach is
to design an intermediate control signal v(k) of the linear
part of system S (equations (la) and (I1b)) with a linear
predictive control method (A Linear Generalized Predictive
Control (LGPC) method is adopted in this paper) first, and
then obtain the real control signal u(k) for system S from the
nonlinear relationship v(k) = f(u(k)) (see [9], [10] for its
applications to a Hammerstein model). The design details of
the two steps in a networked control environment are presented
respectively as follows.

1) Design of LGPC: In LGPC, a quadratic objective func-
tion is normally adopted, represented by:

N2
J(N1,No, Nu) = Y (k4 1k — Tae) — w(k + )
j=N1
Ny,
+ > A (k+j— 1) 2)
j=1

where N7 and Ny are the minimum and maximum prediction
horizons, N, is the control horizon, ¢;, Ny < j < N, and
rj,1 < j < N, are weighting factors, w(k+j5),j = N1, ..., No
are the set points, Av(k) = v(k) — v(k — 1) is the control
increment and y(k + jlk — Tsek),J = Ni,..., Ny are the
forward predictions of the system outputs, which are obtained
on data up to time k — 7., and will be calculated in detail
later, where 7 , is the network-induced delay in the backward
channel at time k.

Let #(k) = [2T(k) v(k — 1)]T, then system S can be
represented by S’,

. { #(k+1) = Az(k) + bAv(k)
Lyk)=c¢

(1)

(3a)
(3b)

where A = (¢ 0). Thus the

0 1
7’ step forward output prediction at time k' is
j' -1
Gk + 5K = AT z(k) + ) eA" T bAu(K +1)
1'=0

Let j/ = j+ Tsck» k' =k — Tseps I = 1+ Toe s, then the
forward output predictions at time &k based on the information
of the state on time k — 74, and control signals from time
k — Tse,k — 1is

EAj‘i’Tsc,ki.(k _ Tsc,k)
j—1
+ > AT Ak +1) (4)

l=—Tsc,k

Q(k+j|k_7—sc,/€) =

In [7], the previous control signals v(k—1), ..., v(k —Tsc k)
are used to calculate the predictive control sequence at time
k. However, this information is actually not available for
the controller in practice due to the random network-induced
delay in the forward channel. As will be discussed further in
Section II. B, in a networked predictive control environment,
a sequence of future control signals is packed to send to the
actuator, and the actuator only picks out one from the sequence
according to the specific time delay in the forward channel.
Therefore the controller does not know the real control signal
adopted by the actuator unless it receives the information
about the previous control signals applied to the actuator.
Only in such a special case, with no delay in the forward
channel, the previous control signals are all known by the
controller immediately. Therefore, in this paper, we develop
a new method to deal with this problem, in which only the
control and output information before time k — 7, is used
to generate the predictive control sequence, by including the
control sequence from time k — 75 to k — 1 as part of the
predictive control sequence.

Let Y(klk — Toer) = [G(k + Nilk — Toer) --- 9(k +

Nolk — Teen)]Ts AV/(klk — Toer) = [Av(k — Teerlk —

Tsc,k) co AU(k’ + Ny — 1‘]{ — TsC’k>]T, then

V(klk = Toer) = B, 7k — Tsep) + Fro J AV (klk — T r)
(5)

where Fr , is a (N2 — N1 + 1) x (Ny + Tsck) ma-

trix with the non-null entries defined by (F,,,):;; =
6AN1+Tsc,k+i7j715’j —i < ]\]1 + Teek — 1, and ETsc,k _
[(EAN1+Tsc,k)T (EAN1+TSD,IC+1)T (EAN2+TSC,1«)T]T. Note
here that £, _, and F, _, vary with different 7, gs.

Let @y = [w(k + Ny) --- w(k + N2)]7, then the optimal
predictive control increments from k£ to k£ + N, — 1 can be

calculated by letting 0J(-)/0AV’ =0,
AV (k|k — Tsc,k) = MTsc,k: (o — ETsc,kj(k - TSCJC)) (6)

where AV (k|k —Tse) = [Av(klk —Tse) -+ Av(k+ Ny, —
1|k_7—sc,k)]T’ M. = H‘f'sc,k (F‘Z:C,k QFTsc,k +R)71F3;c‘kQ’

Tsc,k
Q, R are diagonal matrices with Q;; = ¢, Ri; = 14
respectively and Hr, , = [ON,xr.cp INoxNs INgxn, 1S

the identity matrix with rank N,,.

Remark 1 Normally, the minimum prediction horizon can
be set as 1. Rewrite the maximum prediction horizon Ny
as N,. The following constraint between N, and NN, needs
to be always held in order to implement the LGPC method
successfully,

Ny < N, )

2) The nonlinear input process: If the nonlinear function
f() is invertible then its inverses f~1(-) exists such that

Au(k) = f~'(Av(k)) (8)

Thus, at every time instant k, the intermediate control
increments Av(k),k =1,2,--- , N, can be obtained from (6),
and then the real control increments Au(k),k =1,2,--- , N,
can be calculated from (8) thus enabling the control law to be
derived for system S’.



If Au(k) can be calculated accurately using (8), thus
enabling the function f~!(-) to be exactly known, then the
system with compensation for the nonlinear input process is
equivalent to LGPC and the system is stable if and only if
the linear part of system S with LGPC is stable. However,
in practice, it is usually impossible to calculate w(k) that
accurately. This inaccuracy introduces to the LGPC a nonlinear
disturbance, which makes the stability analysis difficult.

Denote the real inverse of f(-) by 10 and for simplicity
of notation, let FH) RN — RN with F YAV (k|k —
Tsek)) = [FH(Av(klk—Tse)) - fHAv(k+ Ny — 1|k~
Tse.k))] L. Then from the discussion above, the real predictive
control increment sequence for system S can be represented
by

=

AU (klk — Tse ) = f 1AV (k|k — Teer) 9)

where AU(klk — Tex) = [Au(klk — Tsex)
Nu — 1|k - Tsc,k)}T

Au(k +

B. Design of DDCS

To enable the two-step predictive control approach to work
appropriately in a networked control environment, a Delay and
Dropout Compensation Scheme (DDCS) is proposed in this
section.

The following assumptions are first made for the DDCS
design:

Al. Each data packet containing the sensing data is sent with
a time stamp to notify when it was sent from sensor
to controller. This enables the network-induced delay in
the backward channel for each data packet known to the
controller. This information is then used to calculate the
appropriate control predictions;

At every time instant k, the control predictions
AU (k|k — Tsc,x;) are packed into one data packet with
time stamps k£ and 7. These time stamps are to
notify the time when it was sent and also the network-
induced delay in the backward channel which the control
predictions were based on. The control sequence is
then sent to the actuator simultaneously thus enabling
the network-induced delays in both channels for each
control predictive sequence known to the actuator;

The sum of the maximum network-induced delay in
the forward channel (noted by 7.,) and the maximum
number of continuous data packet dropout (noted by )
is bounded by the control horizon, i.e.,

A2.

A3.

7ica‘|‘>2§]\[u*1 (10)

Based on the assumptions above, the two components of
the DDCS, the matrix selector and the delay compensator,
which are to deal with the network-induced delay in the back-
ward channel and the network-induced delay and data packet
dropout in the forward channel respectively, are presented in
the following sections.

1) Compensation for the random network-induced delay
in the backward channel - a matrix selector: Note the fact
that the calculation complexity of the predictive control in-
crements (equation (6)) seriously depends on the network-
induced delay in the backward channel 7. since the matrices
Er oy M, ., Hy, ,, vary with this delay at time £,
i.e., Tsc,k- Thus for the online implementation, it is a great
burden for the controller to calculate the predictive control
increments if 75. varies over a large range. However, these
matrices, actually, can be calculated off line since all the
matrices are fixed for a given 7,.. This advantage enables us
to calculate off line all the matrices with respect to the specific
TseS, store them in a device called the “matrix selector” and
just choose the appropriate ones from the matrix selector when
calculating online the predictive control increments, according
to the current value of the delay 7, , which is known to the
controller recalling assumption Al.

Let gsc = {Eo, El, cee ,E;SC}, JOZSC = {Fo,Fl, s 7F‘Fsc}’
Mse = {Mo, My, Mz}, Hse = {Ho,Hy1,---, Hz },
where T, is the upper bound of the network-induced delay
in the backward channel, then we have for any k (or 7. 1),
E;... € & Fr,,, € Fse, M, € Mse, Hr,,, € Hic,
respectively. For a practical implementation, these matrices
are calculated off line and stored in the matrix selector for
online use.

2) Compensation for the random network-induced delay
and data packet dropout in the forward channel - a delay
compensator: As presented in assumption A2, the predictive
control increment sequence AU (k|k — T ) is sent to the
actuator all in one data packet. When a new sequence arrives
at the actuator side, it is compared with the one already
in the so called “delay compensator” according to the time
stamps (which notify the time when the sequences were sent
from the controller) and only the one with the latest time
stamp is stored. The delay compensator is specially designed
for the actuator and it can only store one control sequence
(data packet) at any time. For example, denote the sequence
arrives at the actuator side as AU (ky|k1 — Tse, ) With a time
stamp k; and the one already in the delay compensator is
AU (kalka — Tse,p,) With a time stamp ko. Then if &y > ko,
AU (kalke — Tse,i,) Will be replaced by AU (k1|k1 — Tse,k, )3
otherwise AU (ki1|k1 — Tsc,k,) Will be simply discarded and
the delay compensator remains unchanged.

The comparison process is introduced at the actuator side
due to the fact that different data packets may experience
different delays in the forward channel, thereby producing a
situation where for example a data packet sent earlier from
the controller may arrive at the actuator later or may never
arrive in the case of data packet dropout. As a result of the
comparison process, the predictive control sequence stored in
the delay compensator is always the latest one available at any
specific time.

As for the actuator, it can be either time-driven or event-
driven. At every execution time instant!, the actuator picks out

1A fixed time interval between two successive time instants for time-driven
actuator, while variable for event-driven actuator since the execution time
instant is trigged by the event that a new predictive control sequence is stored
in the delay compensator and thus can be random.
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the appropriate control increment signal which can compensate
for current network-induced delay in the forward channel
from the predictive control increment sequence in the delay
compensator and applies it to the plant. The method to choose
the appropriate control increment signal at a specific time will
be explained in detail in the next section. It is necessary to
point this out that the appropriate control increment is always
available using the delay compensator if assumption A3 holds.

The two-step predictive control approach with DDCS can
now be summarized by the following four steps:

S1. Calculation. The predictive controller calculates the
intermediate predictive control increment sequence
AV (k|k — Tgc,) through (6) with the use of the pro-
posed matrix selector and delayed information of states
and control signals. The predictive control increment
sequence AU (k|k — Tsc,x) is then obtained by compen-
sating for the nonlinear input process using (9);

S2. Transmission. AU (k|k—Ts. ) is packed and sent to the
actuator simultaneously with time stamps k£ and 7, ;

S3. Comparison. The delay compensator updates its infor-
mation according to the time stamps once a data packet
arrives;

S4. Execution. An appropriate control increment signal is
picked out from the control sequence in the delay
compensator and applied to the plant.

The structure of the predictive based approach with DDCS
(so called “Networked Predictive Control Systems”(NPCSs))
is illustrated in Fig.1.

III. STABILITY ANALYSIS

In this section, the closed loop formulation of such a
NPCS with a nonlinear input process is derived, and then
the stability theorem is obtained using switched system theory
under a sector constraint of the nonlinearity due to calculation
inaccuracy.

A. Closed loop system

Let 77, .. denote the network-induced delay in the forward
channel of the predictive control increment sequence, from
which the control signal is picked out by the actuator at time

The structure of networked predictive control system with input nonlinearity

instant k. The time when the sequence was sent from the
controller side can then be read from its time stamp as

k*=k—71lr= maX{ﬂAU(JU Teej) €Tk} (A1)

where I'; is the set of the predictive control increment
sequences that are available during time interval (k — 1,k]
at the actuator side, including not only the one in the delay
compensator but others that arrive at the actuator during this
interval (see Fig.2). From equations (9), (11), the control signal
adopted by the actuator at time k is obtained as
r) (12)
where d. " is a N, x 1 matrix with all entries 0 except the
(Towr T )th is 1, 7} is the RTT (Round Tr1p Time) with
respect o 7., o> ie, 75 = Ca,k +7 Sc,k, and 7 oo = Tsc,k=-
From equations (6), (9) and noticing for any vector V

SNV = fNAL V)

recalling the definition of f~(-), thus we obtain (assume the
set point w = 0 without loss of generality)

Au(k) = df. AUk =75, 5|k —

with an appropriate dimension, d”.

Au(k) =dz. AUk =12 |k = 77)
:dgu,kf*(Avw — k=)
=L AV~ 75 gk - )
:f‘l(—K;f,ﬂk — 7)) (13)

where K7, = =dZL. . M., E-. 2. The real control increment

for linear system (la) and (1b) at time k£ can then be obtained
as

Av(k) = f(Au(k)) = fo fH(=Kia(k =)  (14)
where f o f 1) = f(f~1(-)) is the composite function of
f() and f71().

Let X (k) = [T (k—7) --- 2T(k)]T, w(k) = Av(k), then

the closed loop system can be represented by

. { X(k+1) = AX (k) + bw(k)
| wk) = fo fTHKLLX(R)

ZNote that the value of Kr & varies with the delays in both channels, and
thus it has (Teq + 1)(Tsc + 1) different values in total.

(15a)
(15b)
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where b = [0pq1,1 -+ Ony11 bF 4 ]7, K2 isalx (7+1)

block matrix with block size of 1 x (n + 1) and all its
blocks 0 except the (7 + 1 — 7j)th is K7, (the set of

all the possible KZ, will be denoted by K), and A =

On+1
0n+1 In+1 ()

O 0n+1

In+1

Injl
A

B. Stability Analysis

As has been pointed out in Section II.A.2), the compensa-
tion for the nonlinear input process using (8) is generally not
accurate, and this inaccuracy introduces to the linear part of the
system ((1a) and (lb)) a nonlinear disturbance, Wthh appears
in the form of fo f~ L(.). Though generally f o F) #1,
it is reasonable to assume that the calculation error meets
some accuracy requirement to a certain extent, which results
in a sector constraint for the term f o f ~1(.), as described in
assumption A4 as follows.

A4. The nonlinearity due to the calculation inaccuracy is
supposed to satisfy a sector constraint, i.e., there exist
0<e<é< o, st

§a§f0f_1(a)§éa,Va€R (16)
This constraint can be denoted by
fof () eles a7

Notice here that generally 0 < e <1 <& < 0.

Using assumption A4, we obtain that for any specific a € R,
there exists a real number e,,¢ < &, < & such that f o
f ~1(a) = e, equation (15b) can thereby be rewritten as

w(k) =f o fH(—K; X (k)

= —ep K5 X (k) (18)

where ¢, € [g, €] represents the compensation for the specific
nonlinearity for the term K7, X (k) at time k.

Recalling equations (15a) and (18), the closed loop system
S* can then be written as

X(k+1)=AX (k) + bw(k)
=(A — exbK} )X (k)

—Alew, K2 ) X (k) (19)

where the closed loop matrix A(ex, K7 ;) = A— ska has
the form
O77.+1 I’rH—l
0n+1 InJrl O
Aler, K7 ) =
0 On+1 Injl

—EkEK;k A

The position and value of the term —&,bK. +r depends on
the specific delays in the both channels at time k, i.e
(Aer, K23 ))ri1y = —exbKZy, j =74 = 1,2,--- 7, and
(A(sk,K;k));H,ﬂ_l A— EkaTk, if f =741
Theorem 1 The closed loop system S* is stable if A4 holds
and there exists a positive definite solution P = PT > 0 for

the following 2(7eq + 1)(Tsc + 1) LMIs
AT (e, K% )PA(e, K% ;) — P <0 (20a)
AT(8, K7 1) PAGE, K7 y) = P <0 (20b)

where K2, € K.

Proof. Let V (k) = X7 (k)PX (k) be a Lyapunov function
candidate, then the incremental V (k) for system S* can be
obtained using equation (19)

AV (k) =X"(k)(Aex, K% )" PA(er, K% ) —
=XT(k)(ATPA- P — 5kATPbK;,k
— e KRV PA + f K0T POKE )X (k) (21)
EXT (k) (e, K2 1) X () (22)

P)X (k)

where ¢, € [e,¢], K7, € K.

Notice that for any ¢j, € [g, ], there exists 0 < A, < 1 s.t.
er = Ake+ (1 — A\g)E, and thus we obtain by substituting this
into (22)

JZ%(E]C,K;JC) :)\k%(é‘ Kf ) (17)\1@)552%(5 Ki k)

— (1= M) (e — &)2K:TDT POK: , (23)

From equations (20a), (20b) and (22), </ (e, Kz k) and
o (8, K} ) are semi-negative definite for all K*, € K
Notice that P is symmetric positive definite, and then
K bTPbK ;1S semi- posmve definite as a symmetric ma-
trix, thus enabhng o (ex, K7 },) to be semi-negative definite
for any ), € [g, 2] and K7 ; € K, which completes the proof.

Remark 2 It is necessary to point this out that according
to assumption A4 and Theorem 1, what is required for the
stability of the system is to satisfactorily meet the sector
constraint in equation (17), no matter how the inverse function
F71(-) is calculated. It implies that the function f(-) does not
need to be theoretically invertible as long as its inverse can
be obtained by a numerical method and satisfies the sector
constraint. One can refer to [11] and the references therein for
more information of the calculation of f~1(.).



IV. SIMULATION

In [7], the authors have shown the validity of the predictive
based approach for a linear plant with a random delay in the
forward channel and a constant delay in the backward channel
using simulations and a real test rig as well. In this section, a
second order plant model in discrete time as follows is adopted
to illustrate the validity of the proposed approach in this paper
for the system with a nonlinear input process and random
delays in both channels and data packet dropout in the forward

channel,
0.04
),b:( 01 ),c:(l 0).

0.98 0.1
(0,

Other parameters of the simulation are chosen as 7 =
8, Tca = 4, Tse = 4, N, =8, N, = 10,e = 0.5, = 1.5, and
the initial state 79 = [~1 — 1]T. The delays in both channels
are set to vary randomly within their upper bounds.

The simulation result is illustrated in Fig.3, from which it
is seen that the closed loop stability of such a system can
be still guaranteed under certain conditions when a nonlinear
input process and random delays in both channels are present
in the system and compensated for by the proposed approach,
though the states vary over a larger range in such a case.

0.8 T T T T T T T

0.6 ~ q

0.4 [ 4

0.2F

State Evolution
)
N
T

System without input nonlinear process [
— - — - System with input nonlinear process
n n n n n

0 20 40 60 80 100 120 140 160
Time

Fig. 3. The validity of the compensation for the input nonlinear process

V. CONCLUSION

In this paper, a novel approach with the integration of the
two-step predictive control method and a delay and dropout
compensation scheme is proposed for a networked control
system containing a nonlinear input process. In the approach,
the predictive controller for the linear part of the system is first
designed using delayed sensing data, and the nonlinear input
can be viewed as a nonlinear disturbance after a compensation
scheme. The communication constraints considered in this
paper, i.e., random delays in both channels and data packet
dropout in the forward channel, are dealt with by the delay
and dropout compensation scheme, which consists of two
components configured at both the controller and actuator
sides. The stability theorem for the closed loop system is

obtained using switched system theory. Simulation work has
also been done to illustrate the validity of the approach.
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